
L E V E L  R E G U L A T I O N  O F  G R O U N D  W A T E R  IN I R R I G A T I O N  

N. N. K o c h i n a  UDC 532.54 

Level regulation of ground water  is important  for preventing the i r r igated ground f rom be-  
coming bogged up or  salinated; the evaporation and the existence of a weakly permeable  hor i -  
zontal waterproof  s t ra tum a re  taken Into account. The solution is found in an explicit form. 
It is also shown that the solution tends asymptot ical ly  ei ther  to one of the two stat ionary solu-  
tions or  to periodic solutions which a re  also obtained in this paper.  

1. A mathematical  investigation of i r r igat ion p r o c e s s e s  can be found in [1-5]. 

In [6] the asymptot ic  behavior  was studied of the solutions of two ini t ial-boundary value problems for  
the heat-conduction equation with finite t ime, a nonlinear r ight-hand side, and with nonlinear boundary condi 
tion. It was shown that the solution of each problem,depending on the values of the initial function and of 
the constants  appearing in the assumptions  of the problem, e i ther  tends to a stable s ta t ionary solution of 
the heat-conduction equations with boundary conditions or  to a periodic solution of the cor responding  prob-  
lem. Solutions of these problems can be c lass i f ied in four groups. 

By using the asymptot ics  of the solution of the f i rs t  and the second boundary-value problem for  p a r a -  
bolic equations [7] it can be shown that the four -group classif icat ion also holds for  a wider  c lass  of p rob-  
lems. 

The solution of one ini t ial-boundary value problem was obtained in [8]. The var iat ion with t ime of 
the level of ground water  for i r r igat ion with evaporat ion can be solved under the assumption that the su r -  
face of the ground water  is slightly curved and that of the impermeable  waterproof  s t ratum is horizontal.  

In prac t ice  one often encounters  cases  where a waterproof  s t ra tum is hardly permeable .  The s t r a -  
tum is assumed to be horizontal ,  and of constant  depth M 0. 

It is assumed that the ground water  occupies an a rea  between two channels or  drains  0 < x < l in 
which the water  levels  are  Hi(t) or  H2(t). The following method for  regulating the level of ground water  
by i r r iga t ion is considered:  when the level measured  at the point 0 < x ~ < l reaches  the value h , ,  then 
the i r r igat ion which takes place with intensity me is discontinued and it is s tar ted again when h becomes  
h** < h , .  

It is assumed that the evaporation intensity is given by m (dlh +d2). 

One should assume that ei ther  d 1 =0, d 2 > 0 or  d 1 > 0, d 2 < 0. In the lat ter  case  the obtained resul ts  
are  c o r r e c t  for ground-water  levels which are  not below -d2 /d  1. 

One Is also able to take approximately into account the ver t ica l  pumping of the ground water  by 
the holes of the ver t ica l  drainage being "smeared  m over  the entire region 0 < x < l between drains  and 
by convert ing the boundary conditions at the holes into a differential equation by adding ficti t ious ~evapora- 
tion m of intensity md~, d 3 =const  (see, for  example, [5]). 

The problem boils down to the finding of a solution of the inhomogeneous heat-conduction equation 

Oh 2 0zh 
o-'l = a . ~  - - b ( h -  H) + F [h(x ~ t)] (1.1) 
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with the boundary conditions 

and the Init ial  condition 

c for h ( x  ~  (1.2) 
F[h(x ~ = _ d  for h(z ~  

h (0, t) = Hx (t), h (l, t) = Hz (t) (1.3) 

h (x, 0) = r (x) (1.4)  

The following notation is used in Eq. (1.2): 

c -~ e - -  d l H - -  d,,  d = d, -~ d, xH, d, = d2 -b d~ 

a ~ = k H  o / m ,  b = k  o / M o m - { - d ,  

where  k is the f i l t ra t ion  coefficient;  k 0 is the f i l t ra t ion  coeff icient  of weakly p e r m e a b l e  wa t e rp roo f  s t ra tum;  
m is  the poros i ty ;  (k0/M 0) (H-h )  is the seepage ra t e  through wa te rp roo f  layer ;  H 0 is the mean  value of th ick-  
ne s s  of the w a t e r - b e a r i n g  por t ion of the s t r a tum.  

It is  a s s u m e d  that  t ime  changes  of the wa t e r  l eve l s  in the channels  H i and tI 2 can  be ignored; they 
appea r  In the boundary conditions (1.3); thus H i =coas t ,  H~ =const .  

Thus Eqs.  (1.1), (1.2) toge ther  with the conditions (1.3) have stable and s ta t ionary  solutions v0(x) and 
w0(x) given by 

= - +  + + �9 + - 

w0(x) = H- ~- + Cs sh'~--~x + C ,  s h - ~ ( x - - l )  (1.5) 

= _  ( . , _  (1.6) 

The exp res s ions  for  C 3 and C 4 a re  obtained by rep lac ing  e / b  by the quantity - d / b  in (1.6). 

The per iodic  solution is given by (here T 1 is the durat ion of the i r r iga t ion  stage,  and T is the osc i l l a -  
t ion period) 

(Hz -- H,) x 
h ( x , t ) = H l - ~  t ~-u~(x, t )  (i---- i, 2) 

~"~ (0~<t~<71) Ul (x,  t) = u (x)  + Yj C~ e x p  ( - -  ~.~t)  s in  - y -  

c ~  

r ~  ( 7 ~ t ~ T )  uz (x, t) = w (x) Jr ~ Dn exp [-- ~.2 (t - -  T1)I sin ---y- 
,,-~-I 

~2aSnS - -  0,, (i - -  T.) 0n (t - -  ~n) 
~.,z = --7i'-- + b. Co = Dn = i- 6,, ' t -  8 .  ( 1 . 7 )  

Pn = exp (--  •.271) , Tn = exp [-- ~.n z (T --  71)], 

5n = exp (-- Xn~7) 

0n = t,n - wn  = [ t  - ( -  t )"]  , ,  K- i 

v (x) = vo (x) - -  Hx - -  (H~ - -  H1)x / t ,  

w (z )  = w0 ( z )  - H i  - -  ( H ~  - - / / , ) : ~ / l  

In the above,v  n and w n a r e  F ou r i e r  coeff ic ients  of the functions v(x) and w(x), r espec t ive ly .  Equations 
(1.5) and (1.7) yield for  0 < x ~ < l the inequality v (x ~  ~ > 0. The quant i t ies  T l and T 2 = T - T  1 a re  found 
as  the sma l l e s t  roo ts  of the s y s t em  of two equations 
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(r , ,  r , ) - -  Y, 0. ~ ' - - : -~")  " ~"'~ - s , n  - 3 - -  = u ,  - v ( z  ~ 

c c  

( r , ,  r . )  :--. ~_j O n Tn-'(t-------~n) ~nx~ "~ sin--y--  --  w(x ~) (1.8) 
" I - -  ~ n  ~ U , ,  

~ 0  

( u ,  == h .  - -  H l  (HI- -  HT') ~c~ )' t , u** = h * * - -  Hx (H,~ H~)x o 

F o r  T I = T a = 0  the funct ions  q~ (T l, T z) and r (Tl, T 2) a r e  not cont inuous .  It can  be shown f r o m  the 
funct ions  U,  = (P(T1, T2) and U** = r Tz) g iven by (1.8) that  a p a i r  of  values  w(x ~) - v(x ~ < U.  < 0 and 
0 < U** < v(x ~ - w ( x  ~ is uniquely a s s o c i a t e d  with a pa i r  of  va lues  T l and Tz, so that  T 1 and T 2 do not vanish  

s imu l t aneous ly .  

Thus ,  wi th  any p a i r  of  va lues  u ,  and u** such that  w (x ~) < u ** < u ,  < v (x ~) t h e r e  is a s s o c i a t e d  at 
l e a s t  one p a i r  of  the  v a l u e s  T 1 r 0, T 2 r 0. If the l a t t e r  is not a unique pa i r ,  the s m a l l e s t  poss ib le  T I and 

T 2 is adopted.  

ff ins tead  of  c o n s i d e r i n g  the pe r iod ic  so lu t ion  (1.7) one c o n s i d e r s  now a pe r iod ic  solut ion cons i s t i ng  
of  2m por t ions ,  uzj +l  (x, t), u2] +2 (x, t) (j =0,  1, 2, . . . ,  m - l ) ,  then it can  be seen  that  al l  po r t i ons  e i t he r  
with odd o r  even s u b s c r i p t s  a r e  equal ,  that  is,  (u2j +l  (x, t) =u 1 (x, t), u2j +t (x, t) =u 2 (x, t), j =1,  2, . . . .  
m - l ) .  This  impl ies  the un iqueness  of  the per iod ic  solut ion (1.7). 

P e r i o d i c  so lu t ions  of pa rabo l i c  equa t ions  with non l inea r  r i g h t - h a n d  s ides  w e r e  ana lyzed  in [9-11].  

2. The i n i t i a l - bounda ry  value p r o b l e m  (1.1)-(1.4) is c o n s i d e r e d ,  and it is now a s s u m e d  tha t  the in-  
equal i t  ie s 

u , - - v ( z  ~  u * * - - w ( z  ~  

hold w h e r e  ~0 (x ~ < u ,  (the e a s e  of  r (x ~ > u ,  can  be s i m i l a r l y  analyzed) .  The solut ion of  the l a t t e r  p r o b -  
l em is 

oo t 

v n  - - / -  

i i 

( Y < < y, r , ,  
i=o 1=o 

U 0+1) (X, t) ---- W (X) -'}- ~ ,  

-+ r~ '+z), i =0,  t,  2, 3 , . . . ,  T(O)= O) 

i 

j=O 

i~-0 J=O 

In the above Cn( 0 are the Fourier coefficients of the function ~ (x) - v  (x), Tt(i) and T(i) are the 
smallest roots of the equations 

i i+l 

1=o ]--0 

The fo l lowing r e l a t i o n s  can  be obtained f r o m  Eqs .  (2.1) and (2.2): 

( 2 . 1 )  

(2.2) 

c o  

U ~ -  V(X ~ = ,~.l.X'~ C'a"(i+l)n{i+l)pa ~l~ :̂-~n:c~ 

c o  

u** -- w(x ~ = ~] U,,n(i+l)Tn~"') sin" ~nnz~ 

(i = 0, i ,  2 , . . . )  

(i = 0 , 1 , 2  . . . .  ) 
(2.3) 

In the above one has  

The  equa l i t i e s  

[3n (0 = exp [ - -  ~.a2TI(O], %(~) = exp {-- ~.2 [T(~) _ T(o]} 
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t i 
(., _- u,,,, (., 

i t 

.r"(., r  + (-. 2 ,~ + 

(2.4) 

imply  the  r e l a t ions  

C~ +~) = - -  O. + T(~+')D(~ *'), D(~ +') = O. + ~+~rC~§ 

The fol lowing equa l i t i es  follow f r o m  Eqs .  ( 2 . 5 ) :  

c ( 2  '~ = - e.r(~ '~) + ~.(~)~.%(~-')~-~). �9 ~ - ~ ) ~ - ~ ) d .  '-~) (~ > i)  

D~ +~) =~,~,n ~(~+',~+I) + ~+~)i. (1)~Jl). ..,,~i-~)aCi-~)f(~-~)~ ~-, (~>0)  

(2.5) 

(2.6) 

In Eqs .  (2.6) k m a y  a s s u m e  any in teger  value  k -> 1. 

A f t e r  t r a n s f o r m a t i o n s  and us ing  (2.1) and (2.6) Eqs .  (2.2) a s s u m e  the f o r m  

�9 ~(i-~+~) js-~) C~(i-~), C~(i-~), (,'(i-~) ~(,'+,) = ~(~i  '+'), ~? ' ) ,  ~,(') . . . .  , ~ .  , . ,  . . . . . . . .  . . . )  

~i '§ = r (~" ' ) ,  ~i'+,), ~,(') . . . . .  ~i'-~+'), ~i,-,), 

c;(,-,), c;(,-~,,..., c:('-~',...) 
(2.7) 

f o r  a r b i t r a r i l y  l a r g e  value  of i; in the above the fol lowing notat ion was  in t roduced:  

�9 ~t~-~+~) J~-~) �9 C~(t-k) q) (p l i+ l )  .~1(i) plot) . . . .  , in1 , 11 , 0 [  (i-k) . . . . .  , O ~ t - k ) , . . . )  = 

~1 ~(i+I),~. (i)/~(i, k) ! 

n==3 

+ ~ (~i i§ _ ~ - ) )  ~ (i)~ (~) . . .  ~.~(~-~+l)~(~-~r'(~-~),~ ~ .  o~O'~ ~,#o / (2.8) 

�9 �9 " 7  ,, �9 �9 - , t  ~ ~,,.! 

n----~ 

(2.9) 

~l(o).  

131c ~ = q in, - -  v (z~ ~-~r = p in** - -  w (=~ 

A,, = qO,, sin ~tnx~ t l 

B..  = - -  pO,. s i n  --T--:~nx~ ' ~'r = q~....(t-~). C~r --_ p C ( ~ )  

p = i n .  - -  v ( z  ~ + 01 sin ~ ~  / 11-1 

q = [u** --  w (x ~ - -  01 sin ~x ~ / l] -1 (2.10) 

In the  c a s e  under  c o n s i d e r a t i o n  the following inequal i t ies  a r e  sa t i s f ied :  

u ,  - -  v (x ~ < 0, u** - -  w (x ~ > 0 (2.11) 

It fol lows f r o m  Eqs .  (2.8)-(2.11) tha t  Eqs.  (2.7) have at l e a s t  one solut ion fo r  any va lues  of ill(~ and 

if t h e r e  a r e  s e v e r a l  so lut ions  of Eqs .  (2.7), s ay  -/31(1+1) and T1 ( l+ l ) ,  then  the h ighes t  of these  va lues  
is adopted.  
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It c a n  be shown tha t  the fol lowing a r e  val id :  

lim ~i+,) = .31, lira T~ ~+~) = .f~ (2.12) 

where fll =exp (-X 12TI), ?I =exp [-XI 2 (T-T1) ] for the periodic solution (2.7). The values ill(J) and Vl (j) 
which ea~ be determined from Eqs. (2.7) and (2.8) are bounded if u , -u**  > ~ > 0 

~min " ~  ~1 ('/) " ~  ~max, ?ml,~ " ~  Yt ()) < Ymax (2.13) 

The  c o n s t a n t s  flmin, 7 min ,  f imax ,  T m a x  can  be d e t e r m i n e d  f r o m  equa t ions  which  a r e  s i m i l a r  to (2.7) 
and (2.8) by us ing  s u c c e s s i v e  a p p r o x i m a t i o n s .  

3. By in t roduc ing  the  nota t ion  

(i-~) ~(i-1) 71(~.), T a)) 1(~(o, 71 , e* . . . . .  ~(z), = ~ A~{(~O))~, • 

. . .  _ (~(~-1)~I~-,) . .  "~ (~)~ (1))~ N + ~(0 ( ~ - , ) ) ~  [ i  - -  (~I~-1)) ~ + 

+ w~ ~ , + . . .  + (~,"")~'i ~-:) 

( 3 . 1 )  o o  

0 7 + . ,  ~.i(~), ~(~) . . . . .  ~i.-), .n(.,  ~o), c~(1), c~(,) . . . .  , c~!1),...) = ~, {[~i~+" - (~i '+ ' )" l  ('a(~)) ~" (~(~))~ 
n~2 

- -  [al 0) - -  (~I(i))>"]} (T~i-1)~i-') - �9 �9 T~(1)~(1)) '% Cn'sin at /x~ + 
oo 

one f inds  f r o m  Eqs .  (2.7) and (2.8) the  fo l lowing e x p r e s s i o n  fo r  the d i f f e r e n c e  fl(i+~)_fll(i):  

~(i-I) ~(i-I) _ i ( ~ ( o ,  .1 , ~1 . . . . .  rl(~), ~1~), ~(1)) 
-~' ~ ~p,'~(~'l), r ( , ) ,  . . . ,  ~(1), C;(1),. . .  ., C~(1) . . . .  ) 

(3.2) 

M o r e o v e r ,  one can  w r i t e  the equat ion 

/ (~+o,  ~.o), ~,0>,. . . ,  ~1(~>, ~,(~>, ~(~)) _ 

~.~, - ~1 (~ + 'l: (~( ' )  - -  ~ - ' ) )  + :(~-') 

+ ,lii-:) (~i ~ ')  _ ~(/-~)) + . . .  + ~,(~)(.37 +'> - -  ~y)) + 
+ n~ ;-1) ( ~ ( ' ) _  ~lJ-1)) + . . .  + n,~ ( ' ' -  ~.,(')) 

In the  above ~.(J) ( j --2,  3, ~ e . , 2  and ,l(J) (j =1, 2, . . . .  i - 1 )  a r e  the m e a n  v a l u e s  of the  d e r i v a t i v e s  
Of/Ofil(J) and ~f/0yl(J~; they  c a n  ~ �9 uno by us ing  Eq. (3.1). 

An e s t i m a t e  c a n  be found f o r  the quan t i t i e s  ~l(J) and V t(J) by us ing  the inequa l i t i e s  (2.13). 

The  fol lowing nota t ion  is  in t roduced :  

(3.3) 

q ---- (~maxTmax) I% 

nl'tn \ ~n-1 

n~3 
e~ 

~n n~n-l~tn 
,~ = Z ~ ~tnlAn[(~max-- ~min) ~,nax]max 

n.~ 3 

• = B(~ "i-1), 2/n) = F~-" j-2), • = max N (~), ~ n l a x  )Cj (n)" 

It i s  found f r o m  (3.1)-(3.4) tha t  

-(~-1) qi-l-:~, ~:-1) ~1(,) ~i I<~, I~1~ I l<q] 1 
I u(,'-" I < ~ ,  I n l ~  q(i-l-i)a, I'll  ;-') I <  q l~l(~'l  

(3.4) 

(3.5) 
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Le t  [~l(l)l < E; then  one f inds f r o m  (3.3) and (3.5) the inequal i ty  

. . .  _~ ~qi-~ I ~l (s) - -  ~*(~) I + aq ~-~ I 'Tt(2) -- Tl(') I + zqm-*) (] = ~t~ ] F=) 

iln-1 ' l  n 

E= 2 ~n[Anl~ma, + x Y, lA.l";m- 
n = 3  n=3 

The  fol lowing nota t ion was  in t roduced  in (3.6): 

tw  c~ 

s , , -  7 -  q +~,..Y~IA=I 

(3.6) 

(3.7) 

and the fol lowing e s t ima t e  was  used:  

F o r  j =1, 2, . . . ,  i let  the fol lowing inequal i t ies  hold; 

I ~ ( ' - ~  ~-x) I < ~ , ,  I~  ~ ) -  ~i ~-~ I <  ~ (3.8) 

Equation (3.6) together with (3.8) yie lds  

O(i+l) -- ~1(i ) :tel + ~2 DqY(i_2) 
I . ,  J .~ (1 = ~-0" - - -  q) -{- (3.9) 

A s h n l l a r  f o r m u l a  Is a l so  va l id  f o r  the d i f f e rence  ] Tl( i + i) _yl ( l )  [. 

Le t  ~ = m a x  (e l ,  ~2). 

Le t  t h e r e  ex i s t  a value  0 < ), 0 < 1 such that  the fol lowing inequa l i t i es  hold: 

~ '  + ~'~ ~ koe, "~ -i- 5~.. (3.10) (l -- E) (t -- q) (l -- ~') (t -- q) ~< ~0e 

It wil l  be shown that  fo r  i -* ~ the quant i t i es  fit(i) and T1 (9,  which a r e  d e t e r m i q e d  b,y Eqs .  (2.7)-(2.9),  
app,~%a~u]h the  l h n i t s  fll and T1. To  th is  end it suf f ices  to show that  the  d i f f e r e n c e s  [/3 l(i+p) -/31(i) I and 
~,Tl ( P) -T1  (9 1 app roach  z e r o  as  i -* ~ .  Indeed, it  was  p r e v i o u s l y  shown tha t  the quan t i t i e s  a r e  bounded 

fo r  al l  l, tha t  is ,  that  the  quan t i t i e s  fit (i) and Tt (9 ex is t .  

4. It i s  a s s u m e d  that  t is  a f ixed and sui tably  l a rge  in teger .  It wi l l  be shown that  

fo r  

1~7") - ~,(')1< ~z"-', IT(/+" - n ( ' l  < ~z"-' 

j = ~ i - - t ,  n ( n + t )  " ' "  ( n - - t )  n 

(4.1) 

F o r  j =1, 2, . . . ,  i one has  by  a s sumpt ion  

t~+*)-~,(J)l<~, I~ ~ ' ' - ~ ( ' 1 < ~  

It fol lows f r o m  the r e l a t i ons  (3.9) that  f o r  j =l ,  i+ 1, . . . ,  3 1 - 1  

(n = i) 

I ~J~*) - -  ~*O) l <  koe + Dq 'i-~, [ 7~ ~+*) -- T,(;)[ <)~0e + Gq 'I-2 (q' = q') (4.2) 

The  inequal i t ies  

a r e  sa t i s f ied  if  

13~+,)_~,o~{<x~, l~7+')-v('{<x~ ( 0 < x < t )  

~,o8 + Mq"-" < ~.e (M = max (D, G)) 

(4.3) 

(4.4) 
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' +'I! 
2 - -  - -  

o 
0.2 O. G 0.8I# 

-i 

Fig. 1 

F o r  suff icient ly l a rge  i one has 

q,t_~ < ( k  - -  k0)M-ie 

where  0 <X < l a n d 0 < X 0  < X < 1 ; t h u s t h e  inequality (4.4) holds. 

It can  be shown s i m i l a r l y  that  the inequali t ies  (4.1) hold for  all  j. 

With the aid of (4.1) one can  find an e s t ima te  for  the di f ference [fli (j +p) 
fll(j + l) [ for  any p = 1, 2 . . . .  

By using the inequali ty 

l i37 +p> - lap +'~ I<1131 s+'>'- 131s+'~-" 1 + I.al s+p-" - .37 +'-"~ + . . .  + I ~  s+~> - ;JP+'> I 

it can be shown that  the n e c e s s a r y  and sufficient  condition for  the exis tence  
of the l imit  fli of the sequence ill(J) is sat isf ied.  The exis tence  of the l imi t  
Y1 for  the sequence yl(J]) is demons t ra ted  s imi l a r ly .  

Let  us suppose now that  the wa t e r  level  in channels  o r  dra ins  a r e  t ime  
dependent H i = H i ( t  ) ( i = l ,  2) and that  

lim H~ (t) == Hi~ , lim Hi'(t) = 0 

The above four c a s e s  of the behav ior  of the solut ions of the r e spec t ive  in i t ia l -boundary  value p ro b l ems  
a r e  a lso  t rue  if in Eqs.  (1.5)-(1.8) one r e p l a c e s  the quant i t ies  H i by Hioo ( i = l ,  2). In the fourth case  in 
which the inequali t ies  u ,  ~o -voo (x~ < 0, u** co -woo (x ~ > 0 s i m i l a r  to (2.11) hold, the re la t ions  (2.12) a re  
val id and the solution tends asympto t i ca l ly  to the per iodic  (1.7) with a r ep l acemen t  as  desc r ibed  above. 

The effect  of overf lows is shown in the d i ag ram toge ther  with the g raphs  of the functions 

y _ r (T,, 7'~) q,(T~, T~) 
~+d <0, Z= ~----E ~0 

evaluated in accordance  with (1.8) as  dependent on T 1 for  x~ =0.5, A = T / T  t (continuous l ines  a r e  for  b =  
1 /60,  dashed l ines  for  b=0) :  Curve 1 c o r r e s p o n d s  to A =4, cu rve  2 t o A  =2, and curve  3 to A =4/3. 
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